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Abstract. We state and prove a Chem-Osserman-type Inequality in terms of the vol- 
ume growth for minimal surfaces S which have finite total extrinsic curvature and are 
properly immersed in a Cartan-Hadamard manifold with sectional curvatures bounded 
from above by a negative quantity Kjsr < b < and such that they are not too curved 
(on average) with respect to the Hyperbolic space with constant sectional curvature given 
by the upper bound b. We have also proven the same Chern-Osserman-type Inequal- 
ity for minimal surfaces with finite total extrinsic curvature and properly immersed in 
an asymptotically hyperbolic Cartan-Hadamard manifold N with sectional curvatures 
bounded from above by a negative quantity Kff < b < 0. 



1. Introduction AND MAIN RESULTS 

In the papers ||6l and Q, a Chem-Osserman type inequality was studied for a com- 
pletely, properly and minimally immersed surface (cmi for short) in the Hyperbolic space, 
extending the classical result originally established by S.S. Chern and R. Osserman in ||4] 
for cmi surfaces in the Euclidean space to this strictly negatively curved setting. 

Chern-Osserman's result (in fact, an improvement on this result due to M.T. Anderson 
in [l] and to L.P. Jorge and W.H. Meeks in fTSl, see also White's work (29] for an ap- 
proach to this problem for non-minimal surfaces in the Euclidean space) relates the Euler 
characteristic x{S) of a cmi surface with finite total curvature in M" with this total cur- 
vature and the (finite) supremum of the (non-decreasing) volume growth of the extrinsic 
domains (known as the extrinsic balls) Er = S'^ O Sj?'". We denote as i?^'" the geodesic 
r-ball in K"(fe), which is the simply connected real space form with constant sectional 
curvature b. We also denote as 5^'"^^ the geodesic r-sphere in K"(6). We have 

(1.1) -x(S)^— / LB-^ rdo- - Sup„ ^ 

In contrast to what happens with cmi surfaces in R", the total Gaussian curvature of 
surfaces immersed in the hyperbolic space H" (b) is always infinite, by the Gauss equa- 
tion. However, it is possible to consider surfaces 5^ C H"(fe) with finite total extrinsic 
curvature WB^W^da < oo, and this is what Chen Qing and Chen Yi did in ||6] and Q. 

They proved, for a complete minimal surface S"^ (properly) immersed in H"(6) and 
such that L llB'^lpdcr < oo, the following version of the Chem-Osserman Inequality, in 
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terms of the volume growth of the extrinsic balls: 

(1 2) ^ 

The proof of these authors entails elaborate computations which depend on the prop- 
erties of the hyperbolic functions, far from the complex analysis techniques used in the 
Euclidean case. 

A natural question which arises in this setting is: do we have an analogous formula 
when we consider complete minimal surfaces that are properly immersed in a Cartan- 
Hadamard manifold with sectional curvatures bounded from above by a strictly negative 
quantity < 0? In this paper we provide a (partial) answer to this question. Namely, 
we have proven that this formula holds for complete minimal surfaces that are properly 
immersed in an ambient Cartan-Hadamard manifold, with the Hilbert-Schmidt norm of 
its second fundamental form controlled by /ib(r), the mean curvature (pointed inward) of 
the geodesic spheres 5^'"^^ and with finite total extrinsic curvature. We also assume that 
our ambient Cartan-Hadamard manifold is not too curved (on average) with respect to the 
Hyperbolic space with constant sectional curvature given by the upper bound b. 

To state the first of our main results, it must be remembered (see, for example, Il23l ) 
that 

( VbcotVbr if 6 > 
hb{r) = < 1/r if 6 = 

[ V^cotliy^r if 6 < 

We have the following: 

Theorem 1.1. Let be a properly immersed minimal surface in a Cartan-Hadamard 
manifold N, with sectional curvatures bounded from above by a negative quantity Kn < 
6 < 0. 

Let us suppose that \\A^\ \ (q) < hi,{r{q)) outside a compact set K <Z S, where r{q) — 
dist]\j(o, q) denotes the distance o/g G S to a fixed pole o € N and that 

(1.3) / WA'^W^da < +00 

Js 

and 

(1.4) [ {b-KN\s)da <+cx 

Js 

where denotes the second fundamental form ofS in N and Kn\s denotes the sectional 
curvature of N restricted to the tangent plane TqS,for all q Cz S. 
Then: 

0) Sup,>„ < +00, 

(2) S"^ has finite topological type. 

Inn . „ 

where Et = (o) H S denotes the t-extrinsic ball on surface S, centered at a E N ( see 
definition \2.2i . (a) is the geodesic t-ball centered at the pole a in the ambient space 
N, and B^^ denotes the geodesic t-ball in IHI^(6). 

Remark 1.2. The main theorem in fT^ is a corollary of Theorem 1 1.11 In fact, note that 
condition ( 11.4b is superfluous when the ambient manifold is W^{b). On the other hand, 
when the ambient manifold is ]HI"(6), then condition (11.3b implies that jjA'^IKg) goes 



(3) -xiS) <i,Js WA^'da - Sup,>„ ^2^^ + ^ J,{b - KMs)da. 
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to as the distance r{q) goes to infinity (see Theorem 2.1 in ll22l ). so we have that 
IjA'^IKg) < ft,fc(r(g)) outside a compact set /-iT C S* and we recover the complete statement 
of the main theorem in |71 . 

Remark 1.3. By applying the Gauss formula, if the surface is minimal, the quantity 
b — Kn\s restricted to S only depends on the points p E S. Hence the assumption 
Jg{b — KN\s)da' < +00 makes sense. We shall denote as the restricted Kn\s when 
there is no risk of confusion. 

Our proof of Theorem 11.1 [ basically follows the lines of argument used in the proofs 
given in f6l and |7|. A basic fact used in these proofs is the monotonicity property sat- 
isfied by the volume growth of the extrinsic balls in minimal surfaces that are properly 
immersed in the real space forms K"(&) with b < 0, namely, that the function is 

a non-decreasing function of r. We have the same monotonicity property when we con- 
sider the extrinsic balls on a surface S that is properly immersed in a Cartan-Hadamard 
manifold N with negative and variable sectional curvature bounded from above by 6 < 0. 
This monotonicity property comes from certain isoperimetric inequalities satisfied by the 
extrinsic balls in this context which are, in turn, based on the application of a divergence 
theorem to comparisons of the Laplacian of the extrinsic distance defined on the surface. 
As we can see in |[9l (see also IIT6I and |26 1), this comparison arises from the Index lemma, 
which provides a formula for the Hessian of the distance function in terms of the index 
form along the normal geodesies to the surface of the Jacobi fields satisfying some given 
initial conditions. 

Following the break with the framework given by the constant curvature of the ambient 
space ]HI"(6) in the works |6| and |7|, we have had to overcome several analytical and 
topological difficulties. 

First, we have extended the Hessian analysis of the extrinsic distance alluded to earlier 
(which is used in a restricted way in |6 1 and |7 1 for surfaces in the real space forms ]H["(&)) 
to surfaces in Cartan-Hadamard manifolds by using comparison results for the Hessian 
and the Laplacian of a radial function that can be found in |20|, |21 1, and |13|. These 
results are, in turn, based on the Jacobi-lndex analysis for the Hessian of the distance 
function given in JOj, which we have mentioned previously (see the results in subsection 
§3.1). 

Second, and based on this comparison analysis, we have extended the application of 
the Gauss-Bonnet theorem (which we find in [7] restricted to extrinsic balls on surfaces 
of Hyperbolic space) to the extrinsic balls in minimal surfaces in a Cartan-Hadamard 
manifold in order to obtain estimates for the Euler characteristic of these extrinsic domains 
(see the results in subsection §3.2). 

Third, we present the following estimation of the Euler characteristic of an immersed 
surface 

-xiS) = lim i-xiEt)) 

r— j-oo 

for a suitable exhaustion of S by extrinsic balls {Et}t>o (see Theorem 14.31 in section 
§.4). This is a key result which will allow us to argue in a similar way to the line taken 
in fE\ and fT], even though our ambient manifold has no constant curvature. Thanks 
to the lower bound of the geodesic curvature of extrinsic spheres dEt and to the bound 
1 1 A'^ I Kg) < hb{r{q)) outside a compact, it is possible to show that the extrinsic distance 
to a fixed pole, defined on surface S, has no critical points outside a compact. Hence, 
we can apply classical Morse theory to conclude that, for an exhaustion of S by extrinsic 
balls {Et}t>o, x{Et) is independent of t, for a sufficiently large t. Therefore x{S) = 
limt_j.oo x{Et). When the ambient manifold is the Euclidean or the Hyperbolic space, the 
bound ||^"^|| (q) < hb{r{q)) can be omitted because, in this case, the finiteness of the total 
extrinsic curvature implies that ||A"^||((7) goes to as the extrinsic distance r{q) goes to 
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infinity (for more details, see the proofs of Theorem 2.1 in [22 1, concerning cmi surfaces 
in H"(6) and Theorem 4.1 in IT], about cmi submanifolds in M"). 

Another appropriate observation at this point is the following: the upper bound b on the 
sectional curvatures of the ambient manifold N must be strictly negative, because if we 
use the Euclidean space as a model, the volume of the extrinsic balls v{t) = Vo\{Et) is 
not balanced by a function of exponential growth but by the volume function Vol(i?"'^ ) = 
TTt'^ with slower parabolic growth, and hence the techniques used do not guarantee that 

n Vol(Et) ^ , 

To illustrate the meaning of the expression "not too curved on average with respect to 
the hyperbolic space", we will refer to Cartan-Hadamard manifolds, which are asymptotic 
to Hyperbolic space H" (6) in a sense that we define below in the following Definition ll .41 
(see lESl ). 

Definition 1.4. Let us consider N" a complete non-compact Riemannian manifold with a 
pole o E N. Then N is asymptotically locally b-hyperbolic of order a (abbreviated as a- 
ALH) if and only if \Ki^{x) — b\ — 0{e^°'^^^^), where Kn{x) is the sectional curvature 
of at a; e of the radial planes from the pole o and r{x) — distisi{o, x) is the distance 
function from the pole a E N. 

These ambient manifolds satisfy hypothesis il.4\ of Theorem ll.il so we have the sec- 
ond of our main results. Theorem 1 1.5 1 

Tlieorem 1.5. Let be a properly immersed minimal surface in a Cartan-Hadamard 
manifold N which is asymptotically locally b-hyperbolic of order 2 and with sectional 
curvatures bounded from above by a negative quantity Kn < b < 0. 

Let us suppose that \\A^\\ (q) < hi,{r{q)) outside a compact set K C S and that 



(1.5) / \\A^\\^da< 



IS 

where A^ denotes the second fundamental form of S in N. 
Then: 

(1) Sup,>o < +00, 

(2) has finite topological type, 

(3) -xiS) <i,Js WA^'da - Sup,>o + J^^b - K^)da. 

To conclude we have the following generalization of Theorem 3 in ||6l . 

Tlieorem 1.6. Let S*^ be a properly immersed minimal surface in a Cartan-Hadamard 
manifold N, with sectional curvatures bounded from above by a negative quantity Kn < 
& < 0. Let us consider an exhaustion of S by a family of nested extrinsic balls {Et — 
{x g S/r{x) < t}}t>o, where r is the distance to a fixed pole o G 5. Let us suppose that 

cosh rd(T _ 
iimt_+oo cosh^ t ^ ~- 

(i) Then, S is a minimal cone in N and xi^) — 1- 

(ii) If N = H"(6), then S is totally geodesic (and we have Theorem 3 in ||6ll). 

1.1. Outline of the paper. The outline of the paper is as follows. In section §.2 we 
present the basic definitions and facts about the extrinsic distance restricted to a sub- 
manifold, and about the rotationally symmetric spaces used as a model for comparison 
purposes. In section §.3 we present the basic results concerning the Hessian comparison 
theory of restricted distance function we are going to use, obtaining as a corollary an esti- 
mate of the geodesic curvature of the boundary of the extrinsic balls covering the surface 
and, hence, an estimation of the Euler characteristic of such extrinsic balls. Section S.4 
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presents the monotonicity property satisfied by the extrinsic balls and the estimation of 
the Euler characteristic of the surface in terms of the Euler characteristic of the extrin- 
sic balls. Section §.5 is devoted to the proof of Theorem ll.il section §.6 to the proof of 
Theorem ll.51 and section §.7 to the proof of Theorem 1 1.6 1 

2. Preliminaries 

2.1. Curvature restrictions and extrinsic balls. We assume throughout the paper that 
tf : S — > is a complete, proper and minimal immersion of a non-compact surface 
5 in a Cartan-Hadamard manifold N . Throughout the paper, we identify (p{S) = S 
and (p{x) = X for all x ^ S. We also assume that the Cartan-Hadamard manifold A^" 
has sectional curvatures bounded from above by a negative bound A'at < 6 < 0. All 
the points in these manifolds are poles. Recall that a pole is a point o such that the 
exponential map exp^^ : TgN"' — ^ N"^ is a diffeomorphism. For every x E iV" \ {o} we 
define r{x) — dist n (o, x), and this distance is realized by the length of a unique geodesic 
from o to X, which is the radial geodesic from a. We also denote by r the restriction 
r|5 : 5 — > M+ U {0}. This restriction is called the extrinsic distance function from o in S. 
The gradients of r in iV and S are denoted by V^r and V'^r, respectively. Let us remark 
that V^r{x) is just the tangential component of V^r{x) in S, for all x £ S. Then we 
have the following basic relation: 

(2.1) V^r = V^r + (V^r)^ 

where {W'^r)-^{x) — V^r(a;) is perpendicular to T^S for all x £ S. 

Definition 2.1. Let o be a point in a Riemannian manifold M and let x e M \ {a}. 
The sectional curvature KMicTx) of the two-plane <Jx G T^M is then called an o-radial 
sectional curvature of M at x iff cTx contains the tangent vector to a minimal geodesic 
from to X. We also denote these curvatures by Ko,m{<^x)- 

Definition 2.2. Given a connected and complete surface S" in a Cartan-Hadamard man- 
ifold iV", we denote the extrinsic metric balls of radius R and center o £ by Eji{o). 
They are defined as the intersection 

EB. = B^{o)nS = {xeS: r{x) < R} 

where B^ {o) denotes the open geodesic ball of radius R centered at the pole o in iV". 

Remark 2.3. It should be pointed out that the extrinsic domains Eji{o) are precompact 
sets (because the submanifold 5* is properly immersed), with a smooth boundary dEj^ ~ 
r_R(o) = {x £ S: r{x) = R}. The assumption on the smoothness of Tii{o) makes no 
restriction. Indeed, the distance function r is smooth in iV" \ {o}, since A^" is assumed 
to possess a pole o £ N". Hence the restriction t\s is smooth in S and consequently the 
radii R that produce smooth boundaries ^^{o) are dense in M by Sard's theorem and the 
Regular Level Set Theorem. 

Remark 2.4. When the surface S is totally geodesic in the ambient manifold A^, the 
extrinsic i?-balls become geodesic balls in S, , and its boundaries are the distance 
spheres dBf^. On the other hand, when S* is a totally geodesic hyperbolic plane in the 
Hyperbolic space form M"{b), the extrinsic i?-ball Ej^ becomes the geodesic i?-ball b'^^ 
in M.'^{b), with boundary S*^^, the geodesic i?-sphere in M'^{b). 

For the sake of completeness, we are going to state the co-area formula in these prelim- 
inaries. To do so, we shall consider a proper C°° function / : M — > M defined on a Rie- 
mannian manifold AI. The set of critical values of / is a null set of R and the set of regular 
values O is an open subset of M. Then, for t £ O, f~^{t) = Ft = {p e M : f{p) = t} 
is a compact hypersurface of AI and, given q £ Ft, f{q) is perpendicular to Fj. We 
define nt = {p£ AI : f{p) < t} and v{t) = Vol(f7t). Then 
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Theorem A (See 1271 . Theorem 5.8). Let M be a Riemannian manifold. Let f be a 
proper C°° function defined on M. For an integrable function uon M the following hold: 

(1) Let gt be the induced metric on Tt '■= {p G Af ; f{p) ~ t\ from g. Then 

/ u\\'S/f\\dh'g~ / dt udvg^ 

J M J-oo JTt 

(2) The function t — > v(t) is a C°° function at regular values t of f such that V{t) < 
+00, and 



Remark 2.5. Let us consider an exhaustion of 5 by a family of nested extrinsic balls 
{Et}t>a, centered at a pole o G A^. To apply the co-area formula in this setting, we con- 
sider the surface S as the Riemannian manifold and the function / in the above statement 
is the extrinsic distance from the pole f = r. Hence, each extrinsic ball Et = fit , the 
extrinsic spheres are the curves dEt — Ft = {x G S/r{x) — t}, and v{t) ~ Vol(£'t) is 
the volume function. 

2.2. Warped products and model spaces. Warped products are generalized manifolds 
of revolution. We refer to Il23l for more information about these spaces. 

Definition 2.6 (See ||9l, ifTOl ). A w— model M™ is a smooth warped product 

Mr = [0,A[x„Sr-i 

with base ^ [0, A[c M (where < A < oo), fiber = S""^ (i.e., the unit 

(m — l)-sphere with standard metric), and warping function w : [0, A[— >■ U {0}, with 
w{0) — 0, w'{0) = 1, and w{r) > for all r > 0. The point 0^, — 7r~^(0), where tt 
denotes the projection onto B^, is called the center point of the model space. If A = oo, 
then Ou, is a pole of M™. 

Proposition 2.7 (See 1101 . 1231 ). The simply connected space forms K"{b) of constant 
curvature b are Wf,— models with warping functions 

{-^sm{Vbr) ifb>0 
r i/fo = 

-^sinhiV^r) ifb<0. 

Note that for b > the function wi,{r) admits a smooth extension to r ~ 

Proposition 2.8 (See ID, ifTOl and ll23l ). Let M™ be a w—model with warping function 
w{r) and center o^,. The distance sphere of radius r and center in M™ is the fiber 
7r~^(r). This distance sphere has the constant mean curvature ri^{r) — ^^^y On the 
other hand, the o^-radial sectional curvatures of at every x G 7r^^(r) (for r > 0) 
are all identical and determined by 

w"(r) 

(2.3) Ko^mM^ TV- 

w[r) 

Remark 2.9. Note that, for the space forms K"(6), rj^i^ (r) ~ hb{r). 

3. Hessian analysis, Gauss-Bonnet Theorem, and estimates for the 

EULER characteristic OF THE EXTRINSIC BALLS 

3.1. Hessian and Laplacian comparison analysis. We now assume that is a com- 
plete, non-compact, and properly immersed surface (not necessarily minimal) in a Rie- 
mannian manifold N" that possesses a pole o. 
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The 2nd order analysis of the restricted distance function r^^ is governed by the Hes- 
sian comparison Theorem A in Q : 

Theorem B (See ||9l, Theorem A). Let N = iV" be a manifold with a pole a, let 
M = M™ denote a w— model with center o^, and m < n. Suppose that every o-radial 
sectional curvature at x € iV \ {o} is bounded from above by the o^-radial sectional 
curvatures in as follows: 

w"(r) 

for every radial two-plane G J^iV at distance r = r{x) = dist at (o, x) from o in N. 
Then the Hessian of the distance function in N satisfies 

Kess'^{r{x)){X,X) < (>) Hess*^(r(?;))(r, y) 

(3.1) ^Tj^ir){l-{V"'r{y),Y)l) 

= 77.(r)(l-(V^r(a:),X)i.) 

for every unit vector X inTxN andfor every unitvectorY inTyM with r{y) = r(x) = r 
and {W^"r{y),Y)M = (V"r(a;), X)^ . 

Remark 3.1. In ||9] Theorem A, p. 19], the Hessian of tm is less than or equal to the 
Hessian of provided that the radial curvatures of N are bounded from above by the 
radial curvatures of M and provided that dimM > dimiV. But Hess*^™ (r(i/))(Y, y) 
do not depend on the dimension m, as we can easily see by computing it directly (see 
Il26l ). so the hypothesis on the dimension can be overlooked in the comparison among the 
Hessians in this case. 



As a consequence of this result, we have the following Laplacian inequalities (see 112011 . 
Il26l . or lfT3l for detailed developments): 

Proposition 3.2. Let be a manifold with a pole a, let M™ denote a w~model with 
center o^. Let us suppose that every o-radial sectional curvature at x G N — {a} is 
bounded from above by the o^-radial sectional curvatures in as follows: 

w"(r) 

(3.2) /C(fT(x)) = KoM'^^) < TV 

for every radial two-plane G T^N at distance r — r{x) ~ distAr(o, x) from p in N 

Let be a properly immersed surface in N. Let us consider a modified-distance 
smooth function f o r : S — > R. Then: 

(A) For such a smooth function f{r) with f'{r) < for all r, (respectively f'{r) > 
for all r), and given X G TqS unitary: 

Hess^(/or)(X,X) < (>) ( /" (r) - /'(r)77»(r) V^r)^ 



(B) Tracing inequality Ii3.3\) 

A' if or) < (>) if"ir)-fir)r^^ir))\\V^rr 

+ m/'(r)(,7„(r) + (V^r, iJ^)) 

where denotes the mean curvature vector of S in N. 

Another result we shall use concerning the radial functions defined on the surface is 
the following: 
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Proposition 3.3. Let be a complete, non-compact, and properly immersed surface in a 
Cartan-Hadamard manifold N^. Let us consider {Et\t>o o.n exhaustion of S by extrinsic 
balls. Let f : S ^ M be a positive C°° function. Then 

/ e^'^'''-''^ f{x)da < +00 if and only if / g^^^* / f{x) da dt < +00 
Js Jo JEt 

and when these integrals converge 

/ e-^''(=") f{x)da = / e-^* / fix) da dt 
Js Jo Jst 

Proof. Given the exhaustion of S by extrinsic balls {Et}t>o, we apply the co-area for- 
mula to obtain, for each t > 0: 

Et JO JOE, II ^ r\\ 



and, on the other hand. 



— / fix)da = / iiw? II 



ds Je^ ' Jr^ II V'? 



Hence 

r ^ , . ^ / ^ r \ 

ds 



e 

Et 



-'^^^ fix) da - e-^« (J-^ fix)da 



(3-5) , 



= e-^-"' / fix) da + V~b / e-^-'' / fix) da 

JEt Jo Je, 

Taking limits when t 00 

JEt 



(3-6) / . p 

lim e"^* / /(a;)dcr + \/^ / e"^" / /(x) da 
^+°° / Js Jo JEt 

and we have the result because both integrals on the right-hand side of equation ( 13.61 1 are 
non-negative. □ 

3.2. An application of the Gauss-Bonnet theorem: geodesic curvature of the extrin- 
sic curves on the surface 5. These results have been stated and proven previously in ||6] 
and Q, when the ambient manifold is the hyperbolic space. We extend it here to minimal 
surfaces in a Cartan-Hadamard manifold. 

Proposition 3.4. Let 5^ be a properly immersed and minimal surface in a Cartan- 
Hadamard manifold N, with sectional curvatures bounded from above by a negative 
quantity Kn < b < 0. Let Et be an extrinsic ball in S centered on a pole a € N. 
The geodesic curvature of the extrinsic sphere dEf, denoted as kg, is bounded from below 
as follows 

(3.7) s s 

where denotes the second fundamental form of S in iV, e G TS is unitary and tangent 
to Vt and Tj^^it) = hf,it) is the constant mean curvature of the distance spheres in the 
hyperbolic spaces ]HI"(6). 
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Proof. We apply Pi'oposition l3.2l to f{r) ~ r lo conclude that the geodesic curvature fc* 
satisfies the inequality 



1 



-Hess^r(e, e) > 



(3.8) 



1^ {~,y„, (e, V^r)%.?„, + (A^(e, e), V^r) } 
-^{.?., + (A^(e,e),V^r)}, 



where e G TS* is unitary and tangent to F^. 
As 



(3.9) 

we obtain: 



1 



= 0, 



(3.10) 



□ 



Proposition 3.5. Let S'^ be a properly immersed and minimal surface in a Cartan- 
Hadamard manifold N, with sectional curvatures bounded from above by a negative 
quantity Kn < b < 0. Let Et be a ( non-connected) extrinsic ball in S centered on a 
pole o (z N. The volume v{t) — Yo\{Et) satisfies the inequality 



(3.11) 



Ks da 



dEt 



y-L^ y5^ y5^ 

WAV WM'WM 



where Ks denotes the Gaussian curvature of S. 
Proof. Applying the Gauss-Bonnet theorem 



(3.12) 



/ kld^Ji+ [ Ksda = 2TTxiEt), 

J dEt -I Et 



Now, using Proposition!?/ 



(3.13) 



1 



dEt 



Ksda. 



□ 

Proposition 3.6. Let S'^ be a properly immersed and minimal surface in a Cartan- 
Hadamard manifold N, with sectional curvatures bounded from above by a negative 
quantity < b < 0. Let Et be an extrinsic ball in S centered on a pole o € N. 
Then, given the non-negative real numbers t > s > 0, we have 
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cosh \/^-brd(T cosh \/~-hrda 

^ cosh'^ \J~^t cosh^ \J~^s 

l + sinh2\/^r||V-Lrii2 



— / s — 1= '^'^ 

JEt-E, cosh V— 6r 

Proof. As Kfq < 6 by applying ( I3.4l i to the radial function /(r) = cosh \/--br, and as 5 
is minimal, we have, 

(3.15) A'^ cosh > -26 cosh 



We integrate inequahty (13.15b within i?„ and then we apply the divergence theorem to 
obtain 

(3.16) V^sinhV^u || V'^rjl dcr„ > -26 / coshv^rdcr 
Therefore 

(3.17) / cosher da < l-^^^^^^^^ [ ||V^r|lda„ 

Deriving and using the inequality above 
d I Ie cosh -v/^rdfT 



> 



du \ cosh^ 

1 r /■ cosh^ V^r-sinh^ V^y-llV' 

cosh^ y/^u Ur„ ||V^^r|| 



-do-,, ^ = 



1 f 1 + sinh^ ^/^r|| V-Lr||2 

-= ; U(T„ 



iV-^rll [ cosh^ y/-bu 

Now, integrate the inequality above between s and t and apply the co-area formula. □ 

4. Extrinsic isoperimetry, volume growth, and topology of surfaces 

As mentioned in the Introduction, two key ingredients for our proof of the Chem- 
Osserman inequality are the following results: an isoperimetric inequality established in 
[[25 J for the extrinsic balls of minimal submanifolds in Cartan-Hadamard manifolds (and 
also a monotonicity result which is derived from it and from the co-area formula (see ifTSi 
and ^)), and a result which relates the Euler characteristic of a surface with the limit 
value of the Euler characteristic of the sets of an exhaustion by connected extrinsic balls 
of such a surface. 

The first of these results is stated as follows: 

Theorem C. (see |l2l, II18I . II25I ) Let P™ be a minimal submanifold properly immersed 
in a Cartan-Hadamard manifold with sectional curvature < 6 < 0. Let Er be an 
extrinsic r-ball in P™, with center at a point o which is also a pole in the ambient space 
N. Then 

Vo\{dEr) ¥01(5^"'^) 
Vol(^;,) - VoKP^") 

and 

(4.2) - ^™ " ^^'"'^'■^ ^ > 

Furthermore, the function f{r) = v^i( a^-''" ) ^^^^^^^^ non-decreasing in r. 



(4-1) TTTTTTT^ > .. \"b-r... for all r > 
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Moreover, if the equality in inequality ( 14.71 ) holds for some fixed radius tq then Er„ is 
a minimal cone in the ambient space TV", so if N^^ is the hyperbolic space K"(5), b < 0, 
then P™ is totally geodesic in IK" (b). 

Remark 4.1. In 1 19] there is a comparison among the lower bounds for the isoperimetric 
quotient in ( 14.11 ) and ( 14.21 ). depending on the sectional curvature 6 e M. 

A particularization for cmi surfaces in a negatively curved Cartan-Hadamard manifold 
gives the following monotonicity result: 

Corollary 4.2 (Minimal Monotonicity). Let S be a properly immersed and minimal sur- 
face in a Cartan-Hadamard manifold N, with sectional curvatures bounded from above 
by a negative quantity Kn < b < 0. 

Then, the functions cosh{^*\t) — T '^'^^ e(V * fa*) ore non-decreasing in [0, +oo), 
where v{t) = Yol{Et). 

On the other hand, we also have the following theorem: as we have mentioned in the 
Introduction, this is a key result which will allow us to argue as in [6J and [7J, applying 
classical Morse theory to conclude that x{S) = limt-i-oo xi^t) for an exhaustion of S by 
extrinsic balls {£'f}t>o- 

Recall that an exhaustion of the surface S by extrinsic balls is a sequence of such 
subsets, centered at the same point {Et C 5}f>o, such that: 

• Et C Eg when s >t 

• Ut>oEt = S 

Recall too that the Euler characteristic of a (pre) compact set is finite. 

Theorem 4.3. Let S be an complete minimal surface properly immersed in a Cartan- 
Hadamard manifold N with sectional curvature bounded from above by a negative quan- 
tity Kn < b < 0. Let us suppose that WA^W^da < oo and that \\A^\\{q) < h),{r{q)) 
outside a compact set K G S, where r{q) = distN{o, q), the distance to a fixed pole 
o G N. Then 

( i) S is diffeomorphic to a compact surface S* punctured at a finite number of points. 

(ii) For all sufficiently large t > Rq > 0, xi^) — xi^t) ond, hence, given {Et}t>o 
an exhaustion of S by extrinsic balls centered at the pole a € N, 

~X{S) = lim ini{~x{Et)) < oo 

r— f oo 

Proof. Let us consider {i?t}t>o an exhaustion of S by extrinsic balls, centered at the pole 
o £ N . We apply Proposition 13 .41 to the smooth curves dEt = Ft. As 

-\\A^\\ < (A^(e,e),V^r) < WA'^W 

we have, on the points of the curve q £ Ft, 

II V^r||(<z) • fc,^*(g) > h{r,{q)) + (A^(e, e), r)(g) 

(4.3) ^ „ 

>h{r,{q))-\\A^\\{q) 

As < hb{r{q)) ^q <E S \ K, v/e have, for all the points q <E Tt and for suffi- 

ciently large t, 

(4.4) \\V^r\\{q)-k^g*{q) >0 

Hence, || V'^ r\\ > in Tt, for all sufficiently large t. By fixing a sufficiently large radius 
Ro, we can conclude that the extrinsic distance Tq has no critical points in S \ Ei^g. 

The above inequality implies that for this sufficiently large fixed radius Rq, there is a 
diffeomorphism: 
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In particular, 5 has only finitely many ends, each of a finite topological type. 

To prove this we apply Theorem 3.1 in |T7l, concluding that, as the extrinsic annuli 
^b^i,r{o) = Efj {o) \ Efj„ (o) contains no critical points of the extrinsic distance function 
To : 5* — > M because of inequality ( 14.31 ). then Eb,{o) is diffeomorphic to iJj^,, (o) for all 
R > Rq. 

The above diffeomorphism implies that we can construct S from E^^ by attaching 
annuli and that x{S\Et) — when t > Rq. Then, for all t > Rq, 

x{S) = x{Etii{S\Et))^x{Et) 

□ 

5. Proof of Theorem I1.1I 

In this Section we are going to prove our main result, (Theorem ll . Il l, which generalizes 
the main theorem in 1 7^ . 

Let us consider {Et}t>o an exhaustion of S by extrinsic balls centered at the pole 
o G N. By adding the quantity bv{t) on both sides of inequality (13.1 11 1, using the Gauss 
formula to replace Ks by Kjy — ^\\A^\\^ in this same inequality and defining R{t) := 
/g^ ll^-^llda, we have 

vu:Aty{t)+bv{t)<- [ {Kr,-hA^r)d<j+ 



2' 



(5.1) 



+ / bda = - I {Kn - b)d(7 + ^Rit) 

JEt JEt 2 



lEt JEt 



IdEt W^'rf ^|lV^r||'||V«r 
From now on, we denote 

(5.2) nt)^ f -^(a^ (,^^,,^^],V^r)dat 

It is straightforward to check that 



(5.3) rj^Jty{t) + bv{t)^V^- ' ^' 



sinh(V^t) rficosh(V^t)' 
Then, inequality ( 15.1b becomes 



d v(t) 1 sinh(V^t) f f , ,, , I , , 

< ^ , ,y \ - I {Kn- b)dcj + -R(t)- 



(5.4) dtcosh(V^t) ~ ^/^cos\? {sfAit) \ J 2 

I{t) + 2TTxiEt)} 

On the other hand, for alH > we have: 

(5.5) sinHV^) ^ 

and hence 



CHERN OSSERMAN INEQUALITY FOR SURFACES 



13 



V{t) 



(5.6) 



< 



-.{2e- 



dt cosh(y^t) ^/-b 

sinh(^/^^) 



{-Kn + b)da + er 



-bt 



Et 



I{t)+4e-^-'*7rx{Et)} 



cosh^V -bt) 

By Theorem l4.3l for all sufficiently large t > Rq, x{Et) — x{S)- Now, we integrate 
both sides of inequality i5.6\ between and a fixed t > Rq, and taking into account that 
co"sh(o) ^ ^' definition of I{t), applying the co-area formula and using the fact that, 

by TheoremgJl x{Es) < \x{Es)\ = \x{S)\ < oo Vs > Rq: 



v{t) 



cosh(v^t) 
ft 



< 



1^2 e^"^' J {h~-KN)dads 



-bs 



R{s)ds 



* sinh(\/^.s) 



(5.7) 



/o cosh (y'—bs) 

+ 4tt f xiEs)e-^'ds} 
Jo 



I{s)ds 



< 



+ 



-bs 



{b — K]\!)dads+ 



-bs 



R{s)ds 



sinh{\/—bs) 



cosh {y'—bs) 



I{s)ds+ C(0)} 



where 



< C(0) = 47r / xiEs)e 

rRa 



ds + An\x{S)\ 



ds 



47r 



< oo 



We are going to estimate Sup^^Q ■ 
proceed as follows. 

As Jg WA^W^da < +00, then 



sh(v^t) 



using the above inequality. To do so, we 



-br\ 



A^Pda < +O0. 



Then, applying Proposition 13.31 to the non-negative function / = HA'^jp, using hy- 
pothesis ( 11.3b . we have: 



(5.8) 



+ 00 



-bt 



R{t) dt < +CX) 



By also applying Proposition 13.31 to the non-negative function f{x) — b — Km{x) 
defined on S, and using hypothesis ( ll.4l i we know that: 



(5.9) 



/ e~^* / {b-KN)dadt < +oo 

Jo J Et 



With these estimates we can conclude, by applying the co-area formula and definition 
(15^ . that: 



v{t) 



(5.10) 



cosh(v^t) 
= Ci(0) + - 



< Ci(0) 



1 



sinli(V5M_ w ^ , 

2 — 1= — I(s)ds 

-b Jo cosh (v— 6s) 

sinh(v^r) g V^r V^r 



—bJst cosh (v^r) 



y^r)da. 
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where Ci(0) = 7={C^(0) + J^°° e"^* J^^{b ~ KN)dadt + /+°° e-^'R{t) dt} 
is a positive and finite constant. 

To obtain the result, we need the following: 
Lemma 5.1. There is a constant C2 > satisfying 

f sinh(V^r) / V^r V^r ^ „_l \ , 



(5.11) 

C2 



cosh(\A^t) 



f roo/ Let us consider {ei, 62} an orthonormal basis of TpS, (p G S), being ei = 
Then 

so 

(5-13) W4 ^^^^'^ - 

Applying Cauchy-Schwartz Inequality to the functions 

\\A^\\ sinh(^/^r)||V-Lr|| 
and 



we obtain: 



(cosh(y^r))i/2 (cosh(\/^r))3/2 ' 

/ sinh(^/=6r)P^||— [^J^Lrf^< 
cosh (v-of") 



\\ASpda / /■ sinh^(^/^r)||V-Lr||2(i(T 



Taking s = in Proposition l3.6l we obtain 



1 + sinh^(y^r)|| V-Lr||2 L cosh(y^r)dcr 
Q — ; flc < 5 — ; 

As, on the other hand, cosh{^/~-br) is non-decreasing, then 

Ist cosh{y/^r)da ^ cosh{yf^t)v{t) _ v{t) 



Hence 



and therefore: 



cosh^(y^t) cosh^(y^i) cosh(v^i) 

sinh2(V^r)||V-Lr||2 i;^ 
-acr < 



Et cosh (v^r) cosh(\/^&i) 



cosh(v— 6r) y cosh(v— 6i) 



As — < 2e~^* > 0, we have 

cosh V —ot 
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0<.// P^ll^ 2e^^'-||A^||2da ^C2<oo 



lEt cosh(V^r) y js 
because e~^^^'''\\A^\\'^d(j < cx) as we have seen before. □ 

Returning to (15.10b . and using Lemma ISTl we have 



cosh{^/^bt) y cosh(v^t) 



By putting h{t) — y coshlv-bt) inequality above becomes: 

h'^{t)~C2h{t)~Ci{0) <0 

and hence the values of h{t) lie between the zeroes of the function f{x) = — C2X — 
Ci (0), which are real and distinct numbers (because Ci (0) > and C2 > and it is not 
possible that Ci (0) = C2 = 0). Hence, h{t) (and also h^{t)) are bounded. 

We have proven that — , , < 00 and therefore, — , ,^[*\ , — - < 00, so assertion 

^ cosh(v— oi) cosn(v— oi) — 1 

(1) of the Theorem is proven. 

To prove assertion (2), we remember equation (15.2) so that inequality ( 15.11 1 becomes 

(5.14) ~2TrxiEt)< - f {Kj, - b)da +]-R{t) + I{t) - r^^^{t)v' {t) ~ b v{t) 

J Et 

We now need the following 
Lemma 5.2. cosh(V^.s) v'{s)ds > £22MvEM±i„(t) 
Proof. As — , . — 7 is non-decreasing, we know that 

■' cosh(v — b*) — 1 

(5.15) (cosh(y^t) - 1^ v'it) > v{t)V^smhiV^t) 

Hence, integrating both sides of the inequality above: 

t 

cosh(\/^s) v'{s)ds — 



v(t) cosh(\/^t) — ^/~~b / v(s) sm]i{^/^~bs)ds > 
Jo 

v{t) cosh{y/^t) - / {cosh{V^s) - l)v' {s)ds = 
Jo 

t 



v{t){cosh{V~bt) + I) - / cosh{V -bs) v'{s)d. 



is. 







□ 
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Again, using the definition of I{t), inequality (15.13b . and the arithmetic-geometric 

2 I 2 

mean inequality xy < ^ ^ we have 



(5.16) 



\\A'\\ yW^)l|V^r|l ^ 



vw^y v4r^ vw^y v^r^ 



d(Jt < 



1 f WA^W' , , f ||V^r||2 , 



But, by applying the co-area formula, 

1 1^^'. 



so we have 

B'(t] r llV-'-riP 

On the other hand, by using the co-area formula, inequality (13.171 ). and Lemma l572l we 
obtain: 

'-'^'^ L ' = '"^^'^ L iiv-.ii 



(5.18) 



JdEt 

<rj^^ity{t)-^^^^^P^ [ cosh{V^br)da 
smh(V— oij JEt 

^l^Mv'it) f\o8h{V~bs) v'{s)ds 

smh(v— ot) Jo 



smn V — or 



= vuMv (t) - vu^M v{t) . ■ 

smn V 

Finally, from ( 15.171 1 y ( 15.181 1 we obtain: 

(5.19) m < + V^Mv'it) - V.Mv{t) - 

riu:iW s\nh^/ -bt 

Now considering (15.141 1. and applying (|5.19t : 

-27rx{Et)< f (b^KN)da + ]-R{t) + -^R'{t) 

+v.,{ty{t) - v.MMt) - iv^AtWit) + b v{t)) "^^l^^^^j*^ 

(5.20) smh^/^^ 
<J^ib- KN)da + ^Rit) + ^^R'{i) 



v{t){-b-ii^,{tf)-^^' 



2^ V -6?7c^„Ww(i) 



sinh \/—bt 
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It is Straightforward to see, taking into account that Vol(_Bj '■^) = (cosh \/~-bt— 1), 

(5.21) v{t){-h - -n^^itY) - 



,2^ V^Voj,{t)v{t) _ bv{t) _ -2Trv{t) 



sinh cosh - 1 Vol( B^'^) 
and hence 

(5.22) ^2nxiE,) < [ (b ^ K^)da + U{t) + -^R'{t) ^f^i^k 

As we define = || A-^jprfcr, then WA^W^da = YiuYt^^R{t) = J^°° R'{t)dt < 
+00. Therefore, there is a monotone increasing (sub)sequence {ti]°^i tending to infinity 
(namely, ti oo when i — > oo), such that R'{ti) — > when i — > oo, and hence 

Let us consider the exhaustion of S by these extrinsic balls, namely, {Et-}°^i. Since 
{Eti}i^i is a family of precompact open sets exhausting 5", then the sequence 

{inf({-x(i?.J}r=J^^i 

is monotone non-decreasing. Then we have, by replacing t for ti and taking limits when 
i oo in inequality (I5.22l i. that 

lim inf({-x(£;.J}r=.) 



< / {b- KN)da + ^ [ ||A'5f(icr-27rSupt>o' 
Js 2 Jq 



b,2\ 



Is 2Js "^"Yo\{B, J 

and hence, by applying Theorem 14. 3 1 S*^ has finite topology and 

(5.23) - 27rx{S)< j {b-KN)d<j+]- f P^lpda - 27r Sup,>o 
s <^ s 



< oo 



We are going to apply Theorem ll.il and to do so it is enough to check that hypothesis 
1.4b in Theorem ll.il i.e., inequality 



6. Proof of TheoremI1.5 



{b — KjM)da < oo 

Js 

is satisfied in our setting. By Definition 1 1.41 we have that lifArjs — &| < Ke^'^^^^^^^\ 
for all X e — Em (o), Em (o) being an extrinsic ball centered at one pole o E N. Hence, 
if we consider {£'t}t>o an exhaustion of 5* by extrinsic balls centered at the pole o E N, 
we have, 

/ {b-KN\s)d<J< f \b-KN\s\d<J= f \b-KN\s\d(J 

Js Js JEm(o) 



b- KN\s\d<7 

(6.1) 

<Ci+K / e^^^^'dcr 

Js-Em{o) 



<Ci+K / e-^'^^'da 
Js 



and, applying the co-area formula as in (13.51 1 and (13.61 1. we obtain 
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I {h-KN\s)da< f \b~KN\s\da 
Js Js 



(6.2) 



<Ci+K e 
Js 



da = Ci+ K lim v{t)e 



+ 2KV^ lim / v{s)e 



ds 



To prove the theorem, we must check that limt_^oo v{t)e 



< oo and that 



la v{s)e 



ds < OO. To do so, let us consider the non-decreasing function f{t) = 



- (see Corollary 14. 2) . We shall see that f{t) is bounded, that is, that limt_>.oo f{t) < 



Taking into account the fact that rj^^it) = \/^coth(\/^f) > ^/—b > 0, we 
obtain 



(6.3) V~bv\t) + bv{t) < ri^, {t)v'{t) + bv{t) > 
On the other hand, 

(6.4) V^v'(t) + bv{t) = V^e^*f'{t) 
so, using inequality (15.1b in the proof of Theorem ll.il 



fit) < 



1 



(6.5) 



< 



-bt 



{( [b~KN)da+^R{t)+I[t) + 2nx{Et)) 

J Ef 



{/ \b^KN\dcT+-R{t)+I{t)+2nx{Et)} 

Et ^ 



Now, we integrate both sides of inequality ( 16.5b between and t > Ro as in the proof 
ofTheorem ll.il Then: 



f{t)<—={, e 



-bs 



\b — KMldads 



(6.6) 



t nt 

e-^-^'R{s)ds+ / e- 
Jo 

C2(0)} 



-bs 



I{s)ds 



where, as in the proof of Theorem ll.il 



'ds 



pRo poo 

< ^2(0) = 47r / x{Es)e-^''ds + A^\x{S)\ / e"^^ 
Jo JRo 

= 4. r x{Es)e-^^'ds + l!^e-v-.-o < ^ 
Jo \/-h 

With the same arguments as in the proof of Theorem 1 1.1 1 and using hypothesis (11.3b . 
we have 



(6.7) 



V-o Jo 



-bs 



\b — K^ldads 



-bs 



Iis)ds + Cs} 



where < C3 = CslO) + Jg e^^^'^H A^H^da < 00 
Now, we are going to prove the following Lemma: 



CHERN-OSSERMAN INEQUALITY FOR SURFACES 



19 



Lemma 6.1. There is a constant C4 > satisfying 



(6.8) / e-^-'''I{s)ds<Ci^/J{i) V< > 







Proof. We argue as in Lemma ISTl by applying Cauchy-Schwartz inequality and the co- 
area formula, and using inequality (15.131 1. we obtain 



t 



''"^'^LA^'^w^ywk^^^^'^'^^'' 



(6.9) 







~\JEt e^^'' V-'Bt ev^'- ~ '^\JEt e^^'' 



because < /^^ e^^*-*^ = C4 < cx) 

To conclude the proof of the Lemma, we are going to see that, for all i > 0, 

(6.10) / < 4^ 



By inequality (13.15b . we have, for all r > 

(6.11) A-^ cosh \/^r > -26 cosh \/^r > -6e^'' 

Integrating two sides of ( 16.1 11 1 and applying Divergence theorem, we have 



(6.12) ^^^7^ / llV^r-llda, > / e^'^da 



dEt JEt 
f e "^^^ d(T 

Deriving the function "^'^av^u — using inequality (I6.12l i: 

So, by integrating both sides of ( 16.131 1 between and t and using the co-area formula, 
and the fact that e^^~^^ is non-decreasing: 



Ie. e^'-d^ ^ vit) 



(6.14) / e-^n|V^r|pda < I ^Z"" < 

Then, there exists C4 > such that 



(6.15) j^e-^'I{s)ds<CiJ j e-^'-WV^rW^da < 



vit) 



□ 



Now, using inequality (16.7b and Lemma ISTI we have 

(6.16) /(t) < -L={ / e-^^ / |5_if^|d^rfs + C4/f(t) + C3} 

V-o Jo JEs 
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We are now going to see that 



(6.17) ( e-^' ( \b-KN\dads<C5 + K f e-^" f 
Jq Je. Jo j e. 



-br 



dads 



As \b - Kn{x)\ = 0(e 2v^r(3:)^^ namely, there exists M > and K > such that 

\b- KNix)\< i;Ce-2V^'-(^) < ife-^''^"^) for all a; e 5 - EMio), then 



(6.18) 



-bs 



M 



b — KMldads < 



-bs 



M 



f e-^' f \b~KN\dads 
Jo Je, 

/ |6 — KN\dcrds 
Je, 

{( \b-KN\da+ f \b-KN\dcr}ds 

J E , — E M ^ E M 



<C5 + K e 



-bs 



Es-Et 

e'-^'dads 

Es 



Now, using equality i3.5\ in Proposition l3.3l and from the fact that given a fixed t > 0, 



< e 



-br 



for all r <t,we have 



(6.19) 




= 2V^ / f{s)e-^''ds 
Jo 



and hence, from inequality ( 16.16b and with Ci := K > Q, C2 := C5 + C3 > and 

Cs. := C4 > 



(6.20) fit) < ^{2Ci /* /(s)e-^^ds + C2 + C^y^)} 

V-o Jo 

On the other hand, f{t) = "J^^ > for all i > and, as S is minimal, using 
inequality ( 14.21 ) in Theorem |C] f'{t) > for all t > 0. Moreover, we can assume that 
there exists to > such that f{t) > 1 for all t > tg (in contrast, /(t) < 1 Vi > and 
the theorem is proven using inequality (16.2b ). Hence, f{t) > \/f{t) for all t > to and 
inequahty ( 16.201 ) becomes (for all t > because f{t) is bounded in [0, to]): 



(6.21) fit) < -^={2(71 / fis)e-^''ds + C2 + C^fit)} 

V-o Jo 

Now, let us denote y(i) = /(s)e-^"ds. Then, y'(t) = fit)e-^* and y(0) = 
0. Therefore (I6.21t becomes the differential inequality: 

(6.22) Ae^^y'it) - < C 
with .4 = 1 - Ca, B > and C = > 0. 

Let us suppose that A ^ {if A = 0, then we have the result using (16.22b ). 
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Then we now have the differential inequality 

(6.23) y'{t) < ^e-^* + |e-^*y W - F{t, y{t)) 
As F{t) is continuous and locally Lipschitz, if we consider 

uoit) = g(ef (--^') - 1) 

the solution of y'{t) ~ F{t, y{t)) with y{0) ~ 0, by applying Theorem 1.4 in lfT4l . we 
have that for all t > 0, 

(6.24) y{t) = f f{s)e-^''ds < uo{t) = Se^^i"^"^*) - 1) < C < oo 

Jo ^ 

so now inequality (16.201) becomes, 

(6.25) f{t) < -^{Ai + ^2 V7W} 

with Ai ^ 2CiC + C2>0 and = > 

Let us denote g{t) = \/ f{t) and inequality (16.251) becomes 

(6.26) g^{t)- A2g{t)- Ai<Q Vt > 

Therefore, g{t) lies between the zeroes of the function — A2X — Ai, which are 
real and distinct numbers, because Ai > Q and A2 > 0, and it is not possible that 
Ai = A2 = 0. Hence, g{t) (and also g'^{t) = f{t) ~ ^J-^^ ) is bounded, so the Theorem 
is proven by using inequality (16.2b . 

7. Proof of Theorem I1.6I 

This proof is modeled on the proof of Theorem 3 in 1*61. As S' is minimal, we apply 
Theorem|C] the fact that the center of the extrinsic balls o d S, and the co-area formula 
to obtain (see Il25l for detailed proof), that the function v{t) = Vol{Et) satisfies 

(7.1) v{t) > Yol{Bt'^) V<> 

Now, using the co-area formula again and the fact that the function f(t) — is 

2tt 



monotone non-decreasing in t (and hence v' (t) > -^^= sinh \A^< \/t > 0), we have 

(7.2) / ^ ^ da > / ^-=dt = — 

Js cosh V-br V-b Jo cosh'^ V-5 -0 

As, on the other hand, 

[„ cosh r da y(t) 

(7.3) lim ^-^ 5 < lim = 

t-»-o cosh'^t t^ocosht 



71- ,. /e cosh rdcj f 1 + sinh^ v^^-ll V^rll , 
= hm — ^ > hm / 5 — ^= ^do- 



by applying Proposition [3]6] we have: 

jY /g coshr da 

— — lim — p ^ iiiii , o — 

—6 t^oo cosh i i^°°JEt cosh yZ—br 

/■ 1 J /• l + siiW^r||V^r||2 

(7.4) / da+ / V-F= ^c'cr 

Js cosh \J—br Js cosh' \J —br 

TT f l + sinh^y^rljV^rlp 
> — - + / ^ — da 

-0 Js cosh'' V-^'^ 

r i+sinh^ ^r|[v^r|p ^^ ^ q ^^^^ j^^^^^^ n^i^n = Q on 5. Therefore 11 Vrll = 1 on 
5 and 5' is a minimal cone in A^. Moreover, by applying Theorem 3.1 in IITtI , xi^t) — 
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x(<S') for all t > 0. As, for sufficiently small t, the extrinsic and the geodesic balls are 
diffeomorphic, Et = then x{S) = 1. 
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